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Abstract

How to conduct the GNSS real-time kinematic precise positioning in challenging environments is not an easy problem.
The challenging environment mainly refers to frequent signal reflection, refraction, diffraction, and occlusion, inevitably
introducing large positioning errors. We propose a resilient positioning method considering the inequality and equality
constraints. Specifically, first, we introduce the functional and stochastic models of real-time kinematic (RTK) positioning,
considering the impacts of challenging environments. Second, specific iterative procedures of resilient GNSS precise posi-
tioning method with inequality and equality constraints are proposed. In addition, a general form of inequality constraints
in terms of coordinate components is given that is suitable for real-time kinematic situations. Four 24-h real datasets in
canyon environments were collected to verify the performance of the proposed method. The results show that compared
with the traditional RTK positioning without inequality constraints, the proposed method can improve the success rates of
ambiguity resolution by 42.2% on average. Also, the positioning accuracy of fixed solutions can be improved significantly
after applying the proposed method, where the root mean square errors can be reduced by 77.2% on average. Therefore,
the proposed method can significantly improve success rates of ambiguity resolution and positioning accuracy, which is
especially promising in challenging environments.
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Introduction the GNSS real-time and kinematic positioning, especially
under challenging circumstances, is a tricky problem.

GNSS real-time kinematic precise positioning has been Many efforts have been made how to obtain high-preci-

widely used in many areas, such as high-precision monitor- sion and high-reliability positioning. First of all, mathemati-

ing and intelligent transportation. In the most commonly  cal refinement is widely investigated, where the functional
used approach, real-time kinematic (RTK) positioning, since =~ model compensation (Zhong et al. 2010; Marques et al.
the observation condition at this time is usually in a chal- ~ 2011) and the stochastic model compensation (Schon and
lenging environment such as urban or rural canyons, the Brunner 2008; Luo et al. 2014) are both discussed. The main
Signa]s are easi]y reflected, refracted, diffracted, and even reason is that residual observation errors always exist at this
blocked, which will usually cause site-specific observation  time. Here, the residual observation error mainly refers to the
errors. This type of phenomenon will hinder p()sitioning per- generalized unmodeled error which cannot be eliminated or
formance (Sun et al. 2021). Hence, accurately conducting  easily mitigated by differencing and combination of obser-
vations, model correction, and parameterization, mainly
including the colored noise, residual systematic errors, and
other special outliers (Li et al. 2018; Zhang et al. 2019).
Specifically, ignoring the satellite end, they can be mainly
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as higher-order ionospheric effects and wet tropospheric
effects (Zhang and Li 2020).

Since there is usually externally available information,
external information assistance has been explored. Specifi-
cally, multi-sensor fusion is effective, including using IMU
(Petovello and Lachapelle 2006), LiDAR (Chang et al.
2019), vision (Meguro et al. 2009), etc. Also, high-preci-
sion maps or accurate building models can be considered.
Based on this, several specific strategies such as ray tracing
(Lau and Cross 2007), shadow matching (Wang et al. 2015),
and 3D mapping aiding (Ng and Hsu 2021) are proposed.
However, this approach is usually a little complicated, with
low efficiency and high cost. On the other hand, internal
conditions have also been applied to the GNSS community.
For instance, the motion state of the carrier, such as veloc-
ity and trajectory, can be considered (Zhou and Li 2016).
The baseline length constraint can also be used in ambiguity
resolution and positioning (Teunissen et al. 2011; Ma et al.
2021). Moreover, in a real-time kinematic situation, the non-
holonomic constraint (Saurabh 2006; Zhang et al. 2022b) is
another feasible strategy, especially in urban canyon envi-
ronments. The most significant limitation of this approach is
that the constraints need to be accurate and reliable enough;
otherwise, these constraints would be counterproductive.

Actually, the above methods are all essentially equality
constraints. If these constraints exist but are not trustworthy
enough, the corresponding degraded inequality constraints
are apparently more reliable. As a trial, Lu et al. (1993)
introduced the application of inequality constraint in GPS
navigation in the case of selective availability. Although this
approach has been devoted to the areas of geodesy by several
researchers (Zhu et al. 2005; Xie et al. 2022), little attention
has been paid to the application of inequality constraints in
the current GNSS community, especially under challeng-
ing circumstances. Actually, the inequality constraints are
widely existent in real applications such as the constraints
of the coordinates. To implement high-precision and high-
reliability positioning, navigation, and timing (PNT), the
inequality-constrained method is essentially an important
idea of resilient PNT (Yang 2018), where the mathematical
model may be adjusted according to reality.

We first propose a resilient real-time kinematic precise posi-
tioning method with inequality and equality constraints in a
programmatically easy way, which is especially suitable for
challenging environments. First, the functional and stochastic
models of RTK positioning in challenging environments are
given and discussed. Second, specific iterative procedures of
resilient GNSS precise positioning method with inequality
and equality constraints are proposed, and a general form of
inequality constraints considering the coordinate difference
between adjacent epochs is given that is suitable for the real-
time kinematic situation. Finally, four real datasets in canyon
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environments were collected to verify the performance of the
proposed method, and some conclusions are made.

Basic model of GNSS real-time kinematic
precise positioning

As the most important means of real-time kinematic precise
positioning, i.e., RTK, the mathematical model is discussed
briefly, including the functional and stochastic models. Also,
the characteristics of these two models in challenging environ-
ments are analyzed theoretically.

The functional model aims to establish the relationship
between the observations and the unknown parameters. In
RTK positioning of challenging environments, the general
double-difference (DD) code and phase measurements on
frequency i of a single constellation read (Leick et al. 2015)

VAPY = VApkl + VAN 4+ VATkl + VAMN  + VAUN.

qr, i qr, i qr, i qr,i
ey

kIl _ k1 kl
VA®Y . =VApS + 4, VANY | o

= VALY + VATS + VAmS  + VAu
where operators “V”” and “A” express the between-satellite
and between-receiver differences, superscripts “k” and “I”
the reference and common satellites, subscripts “g” and “r”
the base and rover receivers, P and ® the code and phase
observations, p and A the receiver-satellite range and wave-
length, I and T the ionospheric and tropospheric delays, M
and m the code and phase multipath errors, U and y the code
and phase observation noise, and N is the integer ambiguity.
In RTK positioning of challenging environments, the
atmospheric delays can be mitigated or even eliminated in the
case of a short baseline, and then, the general linear functional
model of DD measurements can be deduced as
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T
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., ﬂ;] By = [VAﬂgrl oo VA,uqr f] , where P and ¢
express the code and phase observation vector, x and N the
unknown coordinate components and integer ambiguities, U
and u the code and phase observation noise and unmodeled
errors, e, and I; the f X 1 matrix with all elements of 1 and
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the [ x [ identity matrix, a; the [ X 3 design matrix of x,
b, = diag(4,, -, 4;) the f X f design matrix of N, and oper-
ators “®” and “diag” are the Kronecker product and diago-
nal concatenation of elements, respectively.

Based on (3), the multi-GNSS functional model can be
simplified as

L=AX+E @)

where L expresses the observation vector, A the design
matrix of the unknown parameters, X the coordinate com-
ponents and ambiguities, and E the observation noise and
residual observation error vector.

The stochastic model reflects the precisions and cor-
relations of the observations using a variance—covariance
matrix, which can be estimated based on the residuals of
measurements. According to the law of covariance propaga-
tion, the DD variance—covariance matrix can be expressed as

D= (1, ®0)F(1,;©0)' ®

where 0=[—e,, I, e, _Iz] expresses the transformation
matrix of the undifferenced to DD variance—covariance
matrix and F is the variance—covariance matrix of undif-
ferenced observations.

By performing least squares adjustment, the estimated
unknown parameters X and corresponding variance—covari-
ance matrix Dy can be derived as

X=(A"D'A)"A™D'L 6)

Dy = (A™D'a)” (7)

where D expresses the variance—covariance matrix of DD
observations. The float solution can be obtained by (6) and
(7), and then, the real values of ambiguities need to be fixed
to integer values. After verifying the validity of integer
ambiguity, the baseline can be updated to obtain the final
estimated coordinate parameters.

Resilient RTK positioning with inequality
and equality constraints

A resilient RTK positioning model with equality and ine-
quality constraints is proposed in this section, and then, a
general form of inequality constraints in terms of coordinate
components is given and discussed in detail.

Methodology of resilient RTK positioning
with inequality and equality constraints

In real applications, internal or external constraints are
always available. If they can be precisely determined,
the equality constraints, e.g., the state equation, can be
adopted. Otherwise, if these constraints exist but are not
very precise or very strong, the inequality constraints can
be used in theory. As mentioned above, this is like the
idea of resilient PNT. Hereafter, the proposed method can
be called the resilient RTK positioning. If equality and
inequality constraints are available, the resilient RTK posi-
tioning model can be expressed as

X =Y X + Wy (8)
X, <G,

where k expresses the epoch number, ¥, ,_, the state transi-

tion matrix of adjacent epochs, X 1 the estimated param-
eters in the (k — 1)th epoch, W the state noise, I', the design
matrix of inequality constraints, and G, the constant vector
of inequality constraints. The first sub-equation is an obser-
vation equation, and the second sub-equation is a state equa-
tion (i.e., equality constraint). Then, the third sub-inequation
is an inequality constraint. The specific steps of resilient
RTK positioning with equality and inequality constraints
are given below, which is essentially an iterative procedure.

First, for the estimation of the iterative initial value,
only the first and second sub-equations are used for the
solution, that is, the Kalman filter model, which can
enhance the precision and reliability of RTK positioning
and has the following form

{Lk = A, X, +E, .
Xi =Y a1 Xim + W,

Using the widely used extended Kalman filter (EKF) method
as an example, the initial iterative solution of the EKF can
be obtained as

~{0 — -
1) =X+ K (L -AX,) (10)

where fk =¥ +_1X,_, expresses the predicted parameters

1
and K, = Dy A} (A:Dg A +D,) is the gain matrix. Cor-

respondingly, the variance—covariance matrix of the esti-
mated parameters reads

Do = (I~ KA)Dy, (an

_ . T
where DXk = Tk, k—lDX,HWk,k—l

ance—covariance matrix of the predicted parameters, D) the

+ Dyy_expresses the vari-

@ Springer



116 Page4of12

GPS Solutions (2023) 27:116

variance—covariance matrix of observations in the kth epoch,
DXH the variance—covariance matrix of the estimated
parameters in the (k — 1)th epoch, and Dy, is the vari-
ance—covariance matrix of tl}%)state noise.

Second, check whether X P satisfies the third sub-ine-
quation of (8), and then,
rx’ <aq, (12)
The core question of inequality constraints is how to appro-
priately use (12) in reality; hence, let us have a category
discussion. If the inequa}tioon is satisfied for every inequal-
ity constraint, i.e., Fka — G, <0, we can ignore this
constraint directly. If the inequation is not satisfied, i.e.,
ka(,im — G, > 0, the inequality constraints need to be
considered. Hence, it follows that the judgment vector of
inequality validity J © defined as

Jo=rx"_q, (13)

Specifically, if Jf,? ) > 0 with m denoting the index of con-
straints, it can be called a valid constraint; otherwise, it is
an invalid con%gaint that can be ignored. Therefore, we can
output X = X . »directly provided that J © < 0. Otherwise,
for ease of calculation, a so-called penalty function PO s
introduced to turn inequality constraints into equality con-
straints (Zhu and Xie 2011). The variance element of the

weight matrix of the penalty function P° can be deduced as

(0)
Jy' >0
pO) — ¢ I
" {:Jf,i”so (o

where ( is a very large value (e.g., 100,000), while & is a very
small value (e.g., 0.00001). Of course, these two values can
be changed according to the accuracy and reliability of the
inequality constraints. Then, the variance—covariance matrix
of the penalty function can be described as

D§0> — pO)-1 (15)
Based on this, a virtual observation equation can be built
G, =TIX,+H, (16)

where H expresses the virtual observation error vector, of
which the variance—covariance matrix is D'” at this time.

Third, according to the generalized least squares criterion,
the virtual observation equation (16) can be added to the first
sub-equation of (9). The augmented observation equation
can be described as

L =AX,+E, an
where L;( = [LT , Gz] ! expresses the augmented observation

vector, A;{ = [Ak;l"k] the augmented design matrix, and
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’ T. .
E = [ET ,HZ] is the augmented observation error vector.
Using the form of Kalman filter recursive solution, the first

. . . (1) . . .
iterative solution X P and its covariance matrix Dj(m are
k

obtained as

PEC RN (1) S 1 £(0)
Xy =X, +K, (Lk—Aka ) (18)

’ 0 ’
Dy = U, = K"A)D 0 (19)

’ ’ ’ ’ ! -1
where K k<0> = D)~(A<0>AkT (AkD)”(i‘])AkTDk(O)) expresses the

augmented gain matrix, D;fO) = blkdiag (Dk,D;())) the aug-
mented variance—covariance matrix of observations, and
operator “blkdiag” is the block diagonal concatenation of
matrices.

Finally, since there is no guarantee that the estimated
parameters can all satisfy inequation (12) after one itera-
tAi 1, if necessary, repeat the second and third steps until
X, totally satisfies inequation (12). Therefore, the final

k
estimated parameters read

A

X =9 -1 , - (20)
A (s (S—l) ’ A <S 1)
K (LA ) s>
The corresponding variance—covariance matrix reads
b { (I - KA, )Dg. s=0
BT (L-KS A D 521 b
kT Ry k)Pg S =

where s (s > 0) expresses the number of iterations, and
-1
Ms—1 ’ ’ ’ M(s—1 .
Kk<s ) =D;}i"”AkT(AkD;}:"”AkT +Dk<s >> is the aug-
mented gain matrix. Since the estimated parameters contain
ambiguities according to (4), the float solution can be

obtained by (20) and (21), and then, the fixed solution can
be deduced after the ambiguity resolution and validation.

A general form of inequality constraints in real-time
kinematic precise positioning

As usual, the users are more concerned with the position-
ing results of three directions. As an exploration, a general
form of inequality constraints is given in this study for
the challenging environment. That is, the precise coordi-
nates x;, = [xk,yk,zk]T are discussed. Certainly, the other
parameters, such as ambiguities, can also be considered if
necessary. First, in real-time and kinematic situations, the
precisely known coordinates cannot always be easily deter-
mined in advance. Hence, the dynamic constraints are more



GPS Solutions (2023) 27:116

Page50f12 116

appropriate. In this study, the coordinate difference between
adjacent epochs, i.e., between the (k — 1)th and kth epochs
(k > 1), is considered.

Assuming x,_, = [xk_l, Vie1» Zk_l]T are determined
precisely, two kinds of constraints are added here. One is
a horizontal constraint in the directions of e (east direc-
tion E) and n (north direction N), which can be described
as

o Ze—e | S (22)

By Sm—m_ <ph, (23)

where «,, a,, f§;, and f, express the horizontal constraint
parameters. The other one is a vertical constraint in u (up
direction U), which can be described as

Vi S =1 X7 (24)

where y, and y, express the vertical constraint parameters.

Since the coordinate system is an earth-centered earth-
fixed coordinate system, one needs to convert the geo-
detic coordinates to the topocentric coordinates by using
the following equation

€k X~ Xo
ne | =T v = Yo (25)
Uy 2k — 2o
—sin(L,) cos(Ly) 0
where T=| —sin(B)cos(Ly) —sin(B,)sin(L,) cos(B,)

cos(By)cos(Ly) cos(By)sin(Ly) sin(By)
expresses the matrix of coordinate transformation,
Xy = [xo, Yos zO]T is the origin of coordinates, and B, and L
are the latitude and longitude of x. The calculation method
of e,_,, n;_,, and u,_, can refer to equation (25). Therefore,
inequations (22) to (24) can be derived as

(I, R)Tx, < (I;®R)Tx;_, + O (26)
where I'; = (I; @ R)T withR = [1,—1]"and G, = (I; ® R)

. T .
Tx,_, + O with® = [az,—al,ﬁz,—ﬁl,yz,—yl ] . Itis worth

mentioning that there are two sub-constraints in the E, N,
and U directions, respectively, and the two sub-constraints
in each direction mentioned above cannot be unsatisfied
simultaneously. In addition, since the algorithm is highly
dependent on the estimated coordinates of previous epochs,
the algorithm startup time and reference value need to be
reasonably set in advance, especially in real-time and kin-
ematic situations. It is also worth noting that in real applica-
tions, if there are other parameters to be estimated, such as
ambiguities, it only needs to augment zero matrices in I'.
Also, one can use other inequality constraints according to
the situation. Hence, in theory, GNSS precise positioning

Table 1 RTK common processing strategies

Items Strategies

GPS: C1C/L1C/C2X/L2X
BDS: C2I/L2I/C71/L71

Broadcast ephemeris

Observations used

Ephemeris used
Cut-off elevation 15°
Tropospheric correction Saastamoinen model
Ionospheric correction Klobuchar model
Positioning mode EKF

Ambiguity resolution LAMBDA

and navigation with inequality constraints is an important
supplement in resilient PNT.

Experimental results and discussion

To verify the resilient RTK positioning model with equality
and inequality constraints, we first introduce four datasets
and their processing strategies. Then, two experiments are
conducted and discussed.

Data description and experiment setup

The GNSS data from four landslide real-time kinematic
monitoring stations in Sichuan, China, were selected to
assess the performance of the proposed method. The obser-
vation conditions of these four datasets are not good enough
which will be shown below. All stations used the same type
of receiver, of which the board is MXT906B. The board
supports the original observation output and has a small size
and low power consumption characteristics. The receiver
adopts an integrated design with built-in GNSS full-band
antennas and a low-cost board. The sample interval of the
four datasets was 5 s, and the duration was 24 h.

The RTK mode is used to verify the effectiveness of the
new approach. The receiver can receive dual-frequency data
from GPS and BDS; thus, this study conducted GPS/BDS
dual-frequency RTK experiments. Table 1 gives detailed
common processing strategies of the traditional method
without inequality constraints and the proposed method with
inequality constraints. The experiments are performed by
our self-developed software C-RTK (Canyon RTK) (Zhang
et al. 2022c¢). Tropospheric and ionospheric delays are cor-
rected by the empirical models. The baseline solutions are
estimated using the EKF strategy, and the modified least
squares ambiguity decorrelation adjustment (LAMBDA)
(Teunissen 1995; Chang et al. 2005) is adopted here.

Figure 1 shows the baseline information of the four data-
sets, where the receiver diagram is shown in the top subplot.
It can be seen that it is an integrated receiver with built-in
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* Rover station + Reference station

31°24' 32.0
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31°56' 5.0 | ]
107°3' 38.2" 107°3' 38.3"

Longitude [°]

Fig. 1 Baseline information of the four datasets No. 1 to No. 4 (from
top to bottom). The triangle and circle denote the rover and reference
stations, respectively. The receiver diagram of the integrated receiver
with built-in GNSS antennas is shown in the top subplot

GNSS antennas. Each rover station has its reference sta-
tion, where the baseline lengths are all shorter than 200 m.
The purpose of using a short baseline in landslide monitor-
ing is to eliminate atmospheric delays since there are other
positioning problems caused by multipath, NLOS reception,
and other residual errors in such canyon environments. The
coordinates of the four rover stations have been accurately
determined in advance just validation, which have not been
used by the software.

Figure 2 describes the changes in the number of satel-
lites and position dilution of precision (PDOP) values of
the four rover stations, where the situations of GPS, BDS,
and total satellites are all included. Fewer GPS satellites
were observed than BDS satellites in this study. The num-
ber of satellites fluctuates, but the total number exceeds 13,
which meets the fundamental positioning requirements. As
for the PDOP, since most of the PDOPs fluctuate between
1 and 3, the spatial distribution of satellites is acceptable.
However, some sudden fluctuations still exist, especially in
GPS, of which the value can reach 11.76. It indicates that
some satellites greatly influence the PDOP value and even
positioning accuracy.

Figure 3 shows the observed C/N, in terms of the sky plot
for the four rover stations, in which only the observations
with an elevation greater than 15° are shown. The top row
of Fig. 3 is the sky plot of L1/B1 observations of four sta-
tions, while the bottom row is the sky plot of L2/B2 obser-
vations. It can be seen that the signals of the four stations
are all reflected, refracted, diffracted, and even blocked to a
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Fig.2 Number of satellites (left) and PDOP values (right) of the four
rover stations No. 1 to No. 4 (from top to bottom)

certain extent. Specifically, the C/N, values on the east side
of stations No. 1 and No. 3 and the west side of No. 2 and
No. 4 stations have apparent abnormal phenomena, such as
signal attenuation (e.g., L1/B1) and interruption (e.g., L2/
B2). Taking a closer look at Fig. 3, the C/N|, values of LI/
B1 in the attenuation direction are frequently smaller than
30 dB-Hz, especially when the elevations are lower than
30°. Moreover, even though the elevation is 60°, some C/N,,
values are still attenuated below 25 dB-Hz. It demonstrates
that the signal reflection, refraction, and diffraction caused
by dense trees in the natural environment are pronounced.
In addition, the observations near the boundary of the obsta-
cles are intermittent and even interrupted, indicating that the
signals are blocked. Therefore, in the case of short baselines,
there may still be many situations that can cause serious
unmodeled errors in positioning results, and functional mod-
els may not obtain accurate and reliable positioning results
without constraints.

Analysis of ambiguity resolution

First, the performance of ambiguity resolution is studied. For
easy comparison, the ambiguity is initialized separately for
each epoch. Hence, it facilitates the evaluation of ambiguity
resolution at this time. Considering the actual landslide defor-
mation speed, the annual landslide deformation in E, N, and
U directions is usually less than 1 cm (Zhang et al. 2022a).
Therefore, without loss of generality, the constraint param-
eters @y, ay, Py, B, 71, and y, are set to —4, 4, —4, 4, — 10, and
10, respectively, in a unit of centimeters. The threshold set
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Fig.3 Observed C/N; in terms
of the sky plot for the rover sta-
tions No. 1 to No. 4 (from left
to right). The top and bottom
panels denote the results of L1/
B1 and L2/B2, respectively

Success rate [%]

0 . ‘ ‘ ‘ ‘
1.5 1.8 2.0 2.3 2.6 2.8 3.0
Ratio

Fig.4 Success rates of ambiguity resolution for the four rover sta-
tions under different ratios. The solid and dashed lines denote the
results of the traditional method without inequality constraints and
the proposed method with inequality constraints, respectively. The
subscripts 1 and 2 in the legend denote the traditional and proposed
methods, respectively

is relatively weak, and stronger constraints can be given for
practical applications. Strong constraints are not used because
we want to prove the effectiveness of inequality constraints.
We give a practical strategy based on extensive research to
determine the appropriate algorithm startup time and accurate
reference value. The constraint algorithm will not be activated
until the number of epochs is greater than 120 and there are at
least 20 solutions with a ratio of squared norms between the
second-best and best ambiguity candidates greater than 4.0 for

15

Figure 4 shows the success rates of ambiguity resolution for
the four datasets at ratios set to 1.5, 1.8, 2.0, 2.3, 2.5, 2.8, and
3.0, where the solid and dashed lines denote the results of the
traditional method without inequality constraints and the pro-
posed method with inequality constraints, respectively. It can
be seen that the proposed method can significantly improve
the success rates regardless of the ratio setting. Specifically,
the success rates of the four stations solved by the proposed
method are all above 72.0% and increased by 42.2% on aver-
age. Dataset No. 3 has the most significant improvement in
success rates, with an average increase of 58.9%. Moreover,
when the ratio is set to 3.0, the success rate is originally only
4.0%, and later is improved by 68.4%. Therefore, it demon-
strates the effectiveness of the resilient positioning with ine-
quality constraints since the float ambiguities are improved to
a great extent by restricting the coordinate components.

Table 2 lists the changes of part of float ambiguities before
and after using the inequality constraints in a representative
epoch in dataset No. 4, where the third row denotes the true
integer ambiguities. After applying the validation of ambiguity
resolution, the ratio increases from 1.51 to 2.69. Mean absolute
deviation (MAD) and root mean square error (RMSE) are the
indicators chosen to evaluate the performance of the position-
ing models. The expressions of the two accuracy indicators
are defined as follows:

w

insurance. Since the information from the previous epoch is MAD = z:n=1 |Sn =S 27)
not always reliable, the reference value is set as the average of w
the nearest conserved 20 solutions.
Table 2 Float ambiguities Ambiguity index [ 11 m IV vV VI VI VI IX X
without and with inequality
constraints (IC) and true integer  ijthout IC 1291 —3570 3278 54.16 58.88 —7544 —12.68 041 -3485 226
?ﬁ?tlfg;‘;clf;m a typical epoch With IC 1111 —4583 3030 4471 57.00 —8193 —18.64 3.14 —3863 3.93

Reference 11 —46 30 44 57 -82 -19 3 -39 4
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Table 3 Statistics of the float solutions for the four rover stations without and with inequality constraints (IC) (unit: m)

Indicator Direction No. 1 No. 2 No. 3 No. 4
Without IC With IC Without IC With IC Without IC With IC Without IC With IC
MAD E 0.609 0.030 0.715 0.027 0.839 0.019 0.463 0.027
N 0.604 0.025 0.504 0.017 0.917 0.023 0.413 0.024
U 1.550 0.081 2272 0.076 2.581 0.075 1.459 0.096
RMSE E 1.041 0.036 1.397 0.033 1.207 0.023 0.997 0.033
N 1.000 0.029 0.998 0.022 1.325 0.028 0.931 0.028
U 2.608 0.091 4.447 0.099 3.721 0.081 3.246 0.108
3 T T 1
RMSE = (28) 2y !
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where S, expresses the reference value, S,7 the value of the c 3 _ . ‘
nth data, and w the total amount of data. It can be seen that g ol !
the float ambiguities of the proposed method are much closer g 1l i
to the reference integer values. Specifically, the mean MADs g 0 | , |‘ m ‘ ‘ \
of float ambiguities without and with inequality constraints 5
are 4.84 and 0.23 cycles, respectively. Therefore, the float g :23 | E ' '
ambiguities of the proposed method are much more reli- 5 41 E “W_IL
able, which is beneficial to ambiguity resolution and thus -g 0 :| || ” m H || H ‘
can obtain higher positioning accuracy. > 3 ‘ ' ' . .
The corresponding statistics of the four rover stations are ol !
listed in Table 3, calculated from the start of the inequality 1l : { \ ’ M
constraints for equality. The threshold of the ratio test is 2.0. 0 ! IH H I” \ m \ \ H H \ | \ \
It can be seen that the accuracy of the traditional method 0:00 4:00 800 12:00 16:00 20:00 24:00
without inequality constraints in the E, N, and U directions GPS Time

is only at the decimeter level or even meter level. In contrast,
the proposed method with inequality constraints makes the
positioning accuracy reach the centimeter level. The reason
may be that the inequality constraints make calculating float
ambiguities more reliable, thereby improving the success
rates of ambiguity resolution and the accuracy of estimated
coordinate parameters. It shows that introducing inequality
constraints is essential because they can better estimate float
ambiguities and are largely resistant to unmodeled errors.

Analysis of positioning performance

Then, the RTK positioning based on the fix-and-hold mode
is adopted to analyze positioning performance comprehen-
sively. According to the previous section, a more reliable
float solution helps to improve the success rate of ambi-
guity resolution. Therefore, considering that the adopted
positioning mode is highly dependent on the previous solu-
tions, the last 100 solutions with a ratio greater than 4.0 are
kept, and their average is taken as the reference value in
this experiment. One can immediately start up the inequal-
ity constraints if there is enough accurate prior information,
and vice versa. The other settings are the same as mentioned
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Fig.5 Number of valid constraints of four datasets No. 1 to No. 4
(from top to bottom). The black dashed line denotes the start time of
the proposed method

above. The threshold of the ratio test is 2.0. Figure 5 shows
the number of valid constraints in each epoch of four data-
sets No. 1 to No. 4. It can be seen that the number of valid
constraints has four cases: zero, one, two, and three. Since
the two valid sub-constraints in each direction are mutu-
ally exclusive, it is reasonable that the valid constraints are
less than or equal to three. The startup time of the proposed
method in four datasets ranges from one to seven hours,
indicating that the selected datasets are representative. In
addition, the number of one, two, and three valid constraints
in each dataset differs. For instance, the numbers of one,
two, and three valid constraints of dataset No. 1 are 1200,
233, and 59, respectively, while those of dataset No. 4 are
544, 54, and 34, respectively. It implies that each dataset
has many valid constraints; thus, the constraints set to these
datasets are reasonable and necessary.

Table 4 lists the constraint process of two typical epochs
in dataset No. 1, where the changes of J are recorded in
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Table 4 Constraint process of

small, such as epoch I, all the constraints can be satisfied

. Epoch index  Valid Original ratio  Final ratio  J (m)
two typical epochs con-
straint s=0 s=1 s=2 s=5 s=9
I 1 1.9 2.0 -0.071 -0.071 - - -
—-0.008 -0.008 - - -
-0.039 -0.040 - - -
-0.040 -0.039 - - -
-0.210 -0.200 - - -
0.010 0.000 - - -
II 3 1.0 34 0.388 —-0.006 -0.008 -0.011 -0.014
—-0468 -0.073 -0.071 -0.068 —0.065
—-1415 -0.084 -0.082 —0.081 —0.080
1.335 0.004 0.002 0.001 0.000
1.563 -0.002 -0.002 -0.003 -0.003
-1.763 -0.197 -0.197 -0.196 -0.196
detail. Data in bold in Table 4 are the elements in J that do 1 ‘ ;
not satisfy the inequality constraints. Some conclusions can 05 : } E E
be drawn from the table: first, if the difference between the 0 i .
estimated parameters and the reference values is relatively 05 S | E

within a few iterations. In this case, the proposed method
only serves to fine-tune the float solutions, and in response,
the ratio of this epoch is only increased by 0.1. Second, when
the number of valid constraints is three, the corresponding
point will likely have large deviations, like epoch II. After
nine iterations, the estimated coordinate of epoch II finally
satisfies the inequality constraints, and the ratio is also raised
to 3.4. In addition, it can be seen from epoch II that the devi-
ation of coordinates to be estimated is significantly reduced
in the first few iterations, and the subsequent iterations are
fine-tuning the coordinates until they fully meet the inequal-
ity constraints.

Figures 6, 7, 8, and 9 show the RTK positioning results of
the traditional method without inequality constraints and the
proposed method with inequality constraints of rover stations
No. 1 to No. 4, respectively. Similarly, the dashed line in each
figure marks the start time of the proposed method consider-
ing the inequality constraints. Bias in the figures refers to the
difference between the positioning result and the reference
value in an epoch, and it is signed. It can be seen that: first,
as for rover station No. 1, there are many abnormal position-
ing results that the unmodeled errors may cause. At approxi-
mately 21:00, there is a period when the positioning results
have significant deviations caused by the failure of ambigu-
ity resolution. The proposed method starts at approximately
7:00 and suppresses most outliers. Second, similar to rover
station No. 1, rover station No. 2 has many abnormal position-
ing results with deviations exceeding 1 m in the E, N, and U
directions. The constraint algorithm is activated near 6:00, and
there are no abnormal positioning results with deviations more

-2 - 1
0:00 6:00 12:0018:0024:000:00 6:00 12:0018:0024:00
GPS Time GPS Time

Fig.6 RTK positioning results of the traditional method without
inequality constraints (left) and proposed method with inequality con-
straints (right) in E, N, and U directions (from top to bottom) of the
rover station No. 1. The black dashed lines denote the start time of
the inequality constraints

significant than 1 m. Third, it is more challenging to deal with
the problem of large positioning deviations over time, such
as the original positioning results of rover station No. 3 from
15:00 to 22:00 when the deviations continuously reach 1 m.
However, the positioning results are significantly improved
using the inequality constraints, especially at 15:00. In this
case, the reliability of the reference value and the validity of
constraint parameters are proved. Then, the proposed method
is activated in about one hour for rover station No. 4, reducing
the noticeable deviations between 10:00 to 12:00 and 22:00.

@ Springer



116 Page 100f12

GPS Solutions (2023) 27:116

' : ‘ ' E
05y ‘ Lo |
O fialeatmignotputihl st
05) , Lo
-1 . ! :
1 : .
— ! 1 N
E 05 : .
@ O [ - e e
k] : :
m.0.5 . !
1 ! !
2
1
0
-1

-2 :
0:00 6:00 12:0018:0024:00 0:00 6:00 12:0018:0024:00
GPS Time GPS Time

Fig.7 RTK positioning results of the traditional method without
inequality constraints (left) and proposed method with inequality con-
straints (right) in E, N, and U directions (from top to bottom) of the
rover station No. 2. The black dashed lines denote the start time of
the inequality constraints
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Fig.8 RTK positioning results of the traditional method without
inequality constraints (left) and proposed method with inequality con-
straints (right) in E, N, and U directions (from top to bottom) of the
rover station No. 3. The black dashed lines denote the start time of
the inequality constraints

As for the improved positioning results of the four rover sta-
tions, the proposed method still cannot wholly eliminate all
abnormal positioning results. The main reason may be that
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Fig.9 RTK positioning results of the traditional method without
inequality constraints (left) and proposed method with inequality con-
straints (right) in E, N, and U directions (from top to bottom) of the
rover station No. 4. The black dashed lines denote the start time of
the inequality constraints

after obtaining the RTK float solution using the EKF method,
the next step is to fix the ambiguities. During this process,
there is still the possibility that ambiguities cannot be fixed,
which in turn affects the acquisition of accurate coordinates.
However, this problem can still be resolved if the inequality
constraints are added to the fixed solutions though they are not
shown here. In short, considering the inequality constraints,
the proposed method can significantly preserve the accurate
original positioning results and suppress the large positioning
deviations according to the specific situation of each rover,
thus being accurate and reliable.

To further quantitatively compare the performance of the
two positioning models, the statistical results of the fixed
solutions for the four rover stations are shown in Table 5. It
can be seen that: first, the traditional positioning accuracy
of the four rover stations is only up to the decimeter level
due to a certain number of outliers and significant deviations
over some time. After introducing the inequality constraints,
the accuracy can meet the centimeter-level requirements.
Of course, the accuracy is affected to some extent by the
six constraint parameters. Second, the MAD of the four
rover stations has an average decrease of 49.7%, 44.5%, and
49.7% in E, N, and U directions, respectively, and the cor-
responding RMSE has reduced by 78.1%, 73.5%, and 76.9%
on average, respectively. To sum up, the proposed method
can significantly improve the accuracy when the original
positioning results have apparent large positioning errors.



GPS Solutions (2023) 27:116

Page110f12 116

Table 5 Statistics of the fixed solutions for the four rover stations without and with inequality constraints (IC) (unit: m)

Indicator Direction No. 1 No. 2 No. 3 No. 4
Without IC With IC Without IC With IC Without IC With IC Without IC With IC
MAD E 0.056 0.021 0.025 0.021 0.054 0.018 0.028 0.013
N 0.037 0.018 0.018 0.011 0.059 0.023 0.015 0.011
U 0.137 0.055 0.076 0.048 0.229 0.069 0.062 0.042
RMSE E 0.159 0.028 0.096 0.029 0.160 0.026 0.077 0.018
N 0.076 0.022 0.082 0.015 0.168 0.033 0.041 0.016
U 0.372 0.067 0.354 0.066 0.488 0.086 0.145 0.055
Concluding remarks References

We propose an easy-to-implement resilient real-time kine-
matic precise positioning method with inequality and equal-
ity constraints in challenging environments. Specifically, the
basic methodology of the resilient RTK is proposed, and
a practical form of inequality constraints in the real-time
kinematic situation is given.

According to the four real datasets in challenging envi-
ronments, the proposed methods can significantly improve
success rates of ambiguity resolution and positioning accu-
racy. Specifically, since the inequality constraints make
the float ambiguities more reliable, more than 72.0% of
ambiguities can be fixed successfully, where approximately
42.2% improvement is obtained. For the fixed solutions, the
proposed method can significantly preserve the accurate
original positioning results and suppress the large position-
ing deviations according to the specific situation of each
rover station, where the average improvement rates of MAD
and RMSE for the four datasets are approximately 49.6%
and 77.2%, respectively. In future, this method can also be
applied to other positioning modes such as network RTK,
precise point positioning (PPP) and even PPP-RTK, where
different types of inequality constraints may need to be
proposed.
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